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Abstract
In this article we prove the following theorem: Let k be even and k>4. If v  k(mod k(k−1))
and v> expfexpfk18k2gg, then an RB(v; k; 1) exists. c© 2000 Elsevier Science B.V. All rights
reserved.
1. Introduction
A pairwise balanced design (or PBD) is a pair (X;A), where A is a collection of
subsets (called blocks) of X , each cardinality at least two, such that every 2-subset of X
is contained in exactly  blocks in A. If v is a positive integer and K is a set of
positive integers, each of which is greater than or equal to 2, then we say that (X;A)
is a (v; K; )-PBD (or B(v; K; )) if jX j = v and jAj 2K for every A2A. We dene
B(K; ) = fv: there exists a (v; K; )-PBDg, and we abbreviate B(K; 1) by B(K). A set
K is said to be PBD-closed if B(K) = K .
If K = fkg, a (v; fkg; )-PBD is called a balanced incomplete block design (or
B(v; k; )). Write B(k; ) for the set of all v such that B(v; k; ) exists, and write B(k; 1)
briey as B(k).
Let (X;A) be a B(v; k; ) and A1A. For any x2X , if x appears in exactly one
block of A1, we call A1 a parallel class of the BIBD. If A can be partitioned into
disjoint parallel classes, we call the BIBD resolvable, and denote it by RB(v; k; ). If
an RB(v; k; ) exists, then
v  0 (mod k);
(v− 1)  0 (mod k − 1): (1)
When k=3 and =1, the existence of an RB(v; 3; 1) is the famous Kirkman’s schoolgirls
problem, which was solved in [14]. When k = 4 and  = 1, it has been proved in
[10] that the necessary condition (1) for the existence of an RB(v; 4; 1) is sucient.
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However, Lu [12] also solved the two existence problems mentioned above. For > 1
and k=3; 4, several authors have discussed the existence problem and Shen and Wallis
[16] provided a complete solution (also see [9]).
Lemma 1.1. For k = 3 or 4; the necessary condition (1) for the existence of an
RB(v; k; ) is also sucient; except for k=3;   2 (mod 4) and v=6; in which cases
there does not exist an RB(6; 3; ).
For k =5, there are just three basic cases: =1; 2; 4. It has been proved in [8,21,1]
that the necessary condition (1) for the existence of an RB(v; 5; 1) is sucient with
at most 6 possible exceptions. In [9], the necessary condition (1) for the existence of
an RB(v; 5; 4) is also known to be sucient except for v = 10 and possibly for 10
other values. In [13], the necessary condition (1) for the existence of an RB(v; 5; 2)
is also sucient for v>50722395. Recently, Abel et al. [2] have updated the results
mentioned above as follows.
Lemma 1.2. The necessary condition (1) for the existence of an RB(v; 5; ) with
 = 1; 2; 4 are sucient except for (v; )2f(10; 4); (15; 2)g and possibly for the
following cases:
(1) = 1; and v2f45; 225; 345; 465; 645g;
(2) = 2; and v2f45; 115; 135; 195; 215; 225; 235; 295; 315; 335; 345; 395g;
(3) = 4; and v2f15; 70; 90; 135; 160; 190; 195g.
Since an RB(36; 6; 1) does not exist, (1) is not always sucient. However, an asymp-
totic suciency has been obtained by Ray-Chaudhuri and Wilson [15] for  = 1 and
by Lu [12] for general .
Theorem 1.3 (Lu and Ray-Chaudhuri and Wilson [11,15]). Given any positive integers
k and ; except nitely many positive integers v; an RB(v; k; ) exists if and only if
v  0 (mod k) and (v− 1)  0 (mod k − 1).
Unfortunately, the number of ‘nitely many positive integers’ in Theorem 1.3 is not
specied. In this article we will determine a bound for Theorem 1.3 when k>4 is
even and = 1. Next we need to dene some terminology.
Let X be a nite set of points, G a family of distinct subsets of X called groups
which partition X , and A a collection of subsets of X called blocks. Let v and 
be positive integers and K and M be sets of positive integers. A design (X;G;A) is
called a group divisible design (GDD) GD[K; ;M ; v] if
(i) jX j= v;
(ii) fjGj: G 2GgM ;
(iii) fjBj: B2AgK ;
(iv) jG \ Bj61 for every G 2G and every B2A;
(v) Every pair of points from distinct groups occurs in exactly  blocks of A.
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If G contains t1 groups of size m1; t2 groups of size m2; : : : ; and ts groups of size ms, we
call mt11m
t2
2 : : : m
ts
s the group type (or type) of the GDD. We also call the GD[K; ;M ; v]
a (K; )-GDD.When = 1, we briey denote GD[K; 1; M ; v] by K-GDD.
A transversal design TD(k; n) is a fkg-GDD with kn points, k groups of size n, and
n2 blocks of size k. It follows that every group and every block of a transversal design
intersect in a point. It is well known that a TD(k; n) is equivalent to k − 2 mutually
orthogonal Latin squares (MOLS) of order n.
2. Preliminaries
In this section we describe Wilson’s Fundamental Construction [19] as follows.
Lemma 2.1 (Fundamental construction, Wilson [19]). Suppose (X;G;A) is a GDD;
and let ! : X 7! Z+ [ f0g be any weighting function. For every x2X; let S(x) be a
set of !(x) ‘copies’ of x. For every A2A; suppose that [
x2 A
S(x); fS(x): x2Ag; B(A)
!
is a GDD. Then [
x2 X
S(x);
( [
x2G
S(x): G 2G
)
;
[
A2A
B(A)
!
is also a GDD.
Lemma 2.2. If there is a TD(l; n); then there is an fl; ng-GDD with group type
(l− 1)n(n− 1)1.
Proof. Delete a point x, taking the blocks (and group) through x as groups of a
GDD.
Lemma 2.3. If there is a TD(l; n − 1); then there exists an fl; ng-GDD with group
type (l− 1)n−1(n− 1)1.
Proof. First, adjoin a new point 1 to the groups of the TD, and then delete some
other point x, taking as groups the blocks (and group) through x.
We now give some applications of Lemma 2.1. Use the GDDs in Lemmas 2.2
and 2.3 as ingredients to obtain:
Lemma 2.4. Suppose there exists a TD(l; n); a TD(l; n− 1) and a TD(n+1; m). Let
t be an integer such that 06t6m. Then there exists an fl; ng-GDD with group type
(ml− m)n−1(mn− m)1(tl− t)1.
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Proof. In all groups but two of a TD(n + 1; m), give the points weight l − 1. In
the second last group, give the points weight n − 1. In the last group, give t points
weight l − 1, and give the remaining points weight 0. We require GDDs with
group type (l − 1)n(n − 1)1 and (l − 1)n−1(n − 1)1. These exist by Lemma 2.2 and
Lemma 2.3.
Lemma 2.5. If there exists a B(u; K; ) containing a subdesign B(!;K; ) (!=0; 1 as
special cases) and there exists a TD(l; u− !) for any l2L; then the existence of a
(v; L; 1)-PBD implies the existence of a (v(u− !) + !;K [ L; )-PBD.
Proof. A (v; L; 1)-PBD can be regarded as a GDD with group type (1v), block sizes
belonging to L. Give every point weight u− !. Since there exists a TD(l; u− !) for
every block A, applying the Fundamental Construction, we get a GDD with group type
(u−!)v and block sizes belonging to L. For every group of the newly obtained GDD,
adjoin ! new points to get a B(v(u− !) + !;K [ L; ).
Corollary 2.6. If there exists a B(u; K; 1) and there exists a TD(l; u − 1) for any
l2K; then the existence of a B(v; K; 1) implies the existence of a B(v(u−1)+1; K; 1).
Proof. Apply Lemma 2.5 with K = L; = 1 and != 1.
Corollary 2.7. If there exists a B(u; K; 1) and there exists a TD(l; u) for any l2K;
then the existence of a B(v; K; 1) implies the existence of a B(vu; K; 1).
Proof. Apply Lemma 2.5 with K = L, = 1 and != 0.
Lemma 2.8. If u2B(L; ) and there is a TD(l; u) where l2L; then lu2B(L; ).
Proof. A TD(l; u) implies a (lu; fl; ug; 1)-PBD. Replace each block of size u by a
B(u; L; ) to obtain a B(lu; L; ).
Corollary 2.9. If u2B(l) and there is a TD(l; u); then lu2B(l).
Proof. Take L= flg and = 1 in Lemma 2.8.
Lemma 2.10. Let n> 1 be a real number; k > 1 an integer; and p a prime such that
(p; k(k−1))=1. Then there exists a positive integer b such that pb  1 (mod k(k−1))
and n<pb6np(k(k−1)) where  is the Euler phi function.
Proof. By (p; k(k−1))=1, p is an invertible element of the residue class ring Zk(k−1).
Let a be a real number such that n = (p(k(k−1)))a. Dene b = (k(k − 1))([a] + 1)
where [a] means the integer part of a. Then pb  1 (mod k(k − 1)) and
n= (p(k(k−1)))a <pb6p(k(k−1))(a+1) = np(k(k−1)):
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Let D(x) denote the smallest number such that a TD(x; n) exists if n>D(x).
Lemma 2.11 (Chang [6]). If x>3; then D(x)< (x−1)24(x−1); and hence D(x)< e4(x−1).
3. Lemmas on Rk
Let K be a set of positive integers, each of which is greater than or equal to 3.
Dene
(K) = gcdfl− 1: l2Kg;
(K) = gcdfl(l− 1): l2Kg:
Let Rk = fr: there exists an RB((k − 1)r + 1; k; 1)g.
Lemma 3.1 (Beth et al. [3] and Zhu [20]). The set Rk is PBD-closed.
Lemma 3.2 (Beth et al. [3, p. 571]). Let k be even and k>4. Then (Rk )=(R

k )=k.
Lemma 3.3. If an RB(v; k; 1) exists and v>D(k + 1); then there is an RB(kv; k; 1).
Proof. On each group of a resolvable TD(k; v), construct a resolvable B(v; k; 1). It is
easily checked that the resulting B(kv; k; 1) is resolvable.
We quote a theorem of Wilson’s [18] as follows.
Lemma 3.4. Let q = mf + 1 be a prime power; H0; H1; : : : ; Hm−1 the cosets of
the subgroup of index m in GF(q). For a positive integer r>2 and 16i< j6r
let C(i; j)2fH0; H1; : : : ; Hm−1g be given. If q>mr(r−1); then there exists an
r-tuple (a1; a2; : : : ; ar) of elements of GF(q) satisfying aj − ai 2C(i; j) for all
16i< j6r.
Let q=k(k−1)f+1 and H0 be the subgroup of index m=

k
2

of GF(q), generated
by m where  is a primitive element of GF(q). Note that −12H0. Take r = k + 1.
For 16i< j6r, let C(i; j) be as follows:
(a) Among the C(i; j) with 16i< j6k each coset lH0 (06l<m) occurs exactly
once;
(b) The k cosets C(i; k + 1) with 06i6k are distinct.
By Lemma 3.4, if q>

k
2
(k+1)k
, there is a (k+1)-tuple (a1; : : : ; ak ; ak+1)2GF(q)(k+1)
such that
aj − ai 2C(i; j) for 16i< j6k + 1:
This condition also holds for j< i, as −12H0. Now put
bj = aj − ak+1 for j2f1; 2; : : : ; kg:
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Then
bj − bi 2C(i; j) for 16i< j6k
and these bis (i = 1; 2; : : : ; k) are in distinct cosets of H0. Thus the (q − 1)=m base
blocks
mx(b1; b2; : : : ; bk) = (mxb1; mxb2; : : : ; mxbk); x2

0; 1; : : : ;
q− 1
m

form a (q; k; 1)-dierence family. By the construction these (q− 1)=m base blocks are
mutually disjoint and the result summarizes as follows.
Lemma 3.5. If q  1 (mod k(k − 1)) is a prime power and q>

k
2
k(k+1)
; then there
exists a (q; k; 1)-dierence family S = fA1; A2; : : : ; Asg in GF(q) such that the base
blocks A1; A2; : : : ; As are mutually disjoint; where s= (q− 1)=

k
2

.
Lemma 3.6 (Beth et al. [3, p. 356]). Let q be an odd prime power. Suppose that
there is a (q; k; 1)-dierence family S = fA1; A2; : : : ; Asg in GF(q) such that the base
blocks A1; A2; : : : ; As are mutually disjoint. Then there is an RB(kq; k; 1).
Lemma 3.7. Let q be an odd prime power such that q  1 (mod k(k − 1)) and
q>

k
2
k(k+1)
. Then there is an RB(kq; k; 1).
Proof. It immediately follows by Lemmas 3.5 and 3.6.
Lemma 3.8. Let k>4 be even and p a prime divisor of k + 1. Then there
is an RB(kqp; k; 1) where qp is a power of p; and qp  1 (mod k(k − 1)), and
k
2
(k+1)k
<qp6

k
2
(k+1)k
p(k(k−1)).
Proof. Obviously, (p; k(k − 1)) = 1. Take n =

k
2
k(k+1)
in Lemma 2.10. Then there
exists a prime power qp (which is a power of p) such that qp  1 (mod k(k− 1)) and
n<qp6np(k(k−1)). The conclusion follows by Lemma 3.7.
For any prime divisor p of k + 1 and i2f0; 1; 2g, let
k(i; p) =
ki+1qp − 1
k − 1 ; (2)
where qp is taken from Lemma 3.8. In what follows, we always assume that
K0 = fk(0; p); k(1; p); k(2; p): pj(k + 1)g: (3)
Let k0 be the smallest integer in K0 and k1 the largest integer in K0.
Lemma 3.9. Let k>4 be even and p a prime divisor of k + 1. Then k(i; p)2Rk ;
k(i; p)  1 (mod k) and

k
2
k(k+1)
<k(i; p)<k3k
2
for i2f0; 1; 2g.
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Proof. For any prime divisor p of k + 1, by Lemma 3.8 there exists a RB(kqp; k; 1)
satisfying
k
2
k(k+1)
<qp6

k
2
k(k+1)
p(k(k−1))6

k
2
k(k+1)
(k + 1)(k(k−1)):
By Lemma 2.11, kqp>k

k
2
k(k+1)
> e4k >D(k+1). Apply Lemma 3.3 repeatedly to
get an RB(ki+1qp; k; 1) for i2f0; 1; 2g. Hence k(i; p)2Rk by (2). Clearly, k(i; p) 
1 (mod k) for i2f0; 1; 2g and any prime divisor p of k + 1. By (2), k(i; p)>qp>
k
2
k(k+1)
. On the other hand, one has
k(i; p)6
k3qp − 1
k − 1 <
k3
k − 1qp< 2k
2

k
2
k(k+1)
(k + 1)(k(k−1))
< 2k2(2−1k2)k(k+1)(2k)k(k−1)=2<k2k2k(k+1)kk(k−1)=2
= k2k(k+1)+k(k−1)=2+26k3k
2
:
Lemma 3.10. Let k>4 be even and K0 as above. Then (K0) = (K0) = k.
Proof. Let p be any prime divisor of k + 1. Clearly,
k(1; p) = kk(0; p) + 1;
k(2; p) = k2k(0; p) + k + 1:
(4)
Then gcd(k(0; p) − 1; k(1; p) − 1) = (k(0; p) − 1; k) = k, and hence (K0)jk. By
Lemma 3.9, (K0) = gcdfl− 1: l2K0g= k.
Next to prove (K0) = k. By (4) one has
gcdfk(i; p)(k(i; p)− 1): i = 0; 1; 2g
=gcd(k(0; p)(k(0; p)− 1); k(k + 1)k(0; p); k(k + 1) + k2(k + 1)2k(0; p))
=gcd(k(0; p)(k(0; p)− 1); k(k + 1)):
Then
(K0) j k(k + 1): (5)
For any prime divisor p of k + 1, by (2) k(0; p)  −1=(k − 1) 6 0 (modp) and
k(0; p)− 1  −k=(k − 1) 6 0 (modp). Hence, p does not divide k(0; p)(k(0; p)− 1)
and so p does not divide (K0). Hence (K0) j k by (5). By Lemma 3.9,
(K0) = k.
4. PBD with large 
Let (a0; : : : ; as) (or (fa0; : : : ; asg)) denote the smallest integer such that for
n>(a0; : : : ; as) the indenite equation a0x0 +    + asxs = n should always have a
solution in non-negative integers.
16 Y. Chang /Discrete Mathematics 218 (2000) 9{23
Lemma 4.1 (Vitek [17]). Let a0<a1<   <as be relatively prime; s>2. Then
(a0; : : : ; as)6(a0 − 1)(as − 1).
Lemma 4.2. If = b11 +   + bnn for integers bi>0 and i>1; then
n\
i=1
B(K; i)B(K; ):
Proof. Given v2 Tni=1 B(K; i), there exists a (v; K; i)-PBD (X;Ai); i=1; 2; : : : ; n. Put
A= b1A1 +   + bnAn (this is the family of blocks obtained by counting each block
B in Ai with multiplicity bi). The design (X;A) is then a (v; K; )-PBD and hence
v2B(K; ).
Lemma 4.3 (Chang [7]). Suppose that v and l are given; v>l + 2 and 0(v; l) =
v−2
l−2
2
4v−l−1. If (v−1)  0 (mod l−1); v(v−1)  0 (mod l(l−1)) and >0(v; l);
then there is a B(v; l; ).
Lemma 4.4. Let k be even and k>4. If v>k1 and v  1 (mod k). Then there exists a
B(v; K0; ) for > 24v−k0−4 where k0 and k1 are the smallest and the largest integers
in K0.
Proof. First, consider the indenite equationX
l2K0
l(l− 1)
k
l = : (6)
Let 0l = l − 0(v; l) where 0(v; l) =

v−2
l−2
2
4v−l−1. Then (6) becomes
X
l2K0
l(l− 1)
k
0l = −
X
l2K0
l(l− 1)
k
0(v; l): (7)
Note that 2l>l2 for l>4 and

v−2
l−2

< 2v−2. Since > 24v−k0−4, the right-hand side
of (7) is greater than
24v−k0−4 −
X
l2K0
24v−l−6
>24v−k0−4 − 24v−k0−5 = 24v−k0−5
>

k0(k0 − 1)
k
− 1

k1(k1 − 1)
k
− 1

>

l(l− 1)
k
: l2K0

:
By Lemma 3.10, gcdfl(l − 1)=k: l2K0g = 1. By Lemma 4.1 the indenite equation
(7) has a non-negative integral solution. That is, the indenite equation (6) has a
non-negative solution such that
l>0(v; l) for all l2K0: (8)
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By v  1 (mod k), the congruences
l(l− 1)
k
l(v− 1)  0 (mod l− 1);
l(l− 1)
k
lv(v− 1)  0 (mod l(l− 1))
hold for any l2K0. By Lemma 4.3 and (8), there exists a B(v; l; [l(l−1)=k]l). Apply
Lemma 4.2 and (6) to get a B(v; K0; ).
5. Small examples
Recall that k0 and k1 are the smallest and the largest integers in K0. We need the
following lemmas.
Lemma 5.1 (Wilson [19]). If q  1 (mod k1(k1−1)) is a prime power and q> ek21 k2k11 ;
then there exists a simple (q; k1; 1)-dierence family in GF(q) and hence a B(q; k1; 1).
Lemma 5.2 (Chang [5]). Suppose that q is a prime power; u is a positive integer such
that q>u + 2; and d =
( u
2

. Suppose that there exist a B(u; K; q) and a B(qd; K; 1).
Then there is a B(uqd; K; 1).
Lemma 5.3. Let k be even and k>4. Then there exists a prime power q0 such that
there is a B(q0; k1; 1); ek
2
1+2k1 ln k1<q0< ekk
2
1 and q0  1 (mod k1(k1 − 1)).
Proof. By (2), k(0; p)<k(1; p)<k(2; p) for each pj(k +1). It is clear that k1 must
be of the form k(2; p). Let k1 = k(2; p) = (k3qp − 1)=(k − 1) for some prime divisor
p of k + 1, where qp is taken from Lemma 3.8. Here qp is a power of p such that
(p; k(k − 1)) = 1. Then k1 − 1 = k(k2qp − 1)=(k − 1)  −k=(k − 1) 6 0 (modp) and
k1 = (k3qp − 1)=(k − 1)  −1=(k − 1) 6 0 (modp). Hence, p is an invertible element
of the residue class ring Zk1(k1−1). By Lemma 2.10 there exists a prime power q0 such
that q0  1 (mod k1(k1 − 1)) and
ek
2
1+2k1 ln k1<q06ek
2
1+2k1 ln k1p(k1(k1−1))6ek
2
1+2k1 ln k1 (k + 1)(k1(k1−1)): (9)
By Lemma 5.1 there exists a B(q0; k1; 1). Note that 0< (1 + 1=k)k < e and
(k1(k1 − 1)) = (k1)(k1 − 1)6(k1 − 1)2=2 since k1 is odd. By (9), it is easy to
check that
q06 ek
2
1+2k1 ln k1

1 +
1
k
(k1−1)2=2
k(k1−1)
2=2
< ek
2
1+(k1−1)2=(2k)+2k1 ln k1k(k1−1)
2=2
= ek
2
1+(k1−1)2=(2k)+2k1 ln k1+(k1−1)2(ln k)=2:
Since ln k < (k=2) (k>4), k21 + (k1 − 1)2=(2k) + 2k1 ln k1 + (k1 − 1)2(ln k)=2<
k21 (3 + k=4)<kk
2
1 . Hence, q0< e
kk21 .
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Lemma 5.4. Let k be even and k>4. Then there exist B(u^ ij ; K0; 1) such that
e4(q0−1)<u^ij6q0e4(q0−1)
and u^ ij  k1 + ki+ k1(k1− 1)j (mod q0− 1) for any i2 [0; k1(k1− 1)=k] and j2 [0; k21 ].
Proof. Let q= q4k
2
1
0 , uij = k1 + ki + k1(k1 − 1)j and dij =
( uij
2

for i2 [0; k1(k1 − 1)=k]
and j2 [0; k21 ]. Then k16uij < k41 . By Lemmas 5.1 and 5.3, there exists a B(qdij ; K0; 1).
Obviously,
q= q4k
2
1
0 > e
4k21 (k
2
1+2k1 ln k1)> 24k
4
1 > 24uij−k0−4:
By Lemma 4.4, there exists a B(uij; K0; q). Since q>uij+2, by Lemma 5.2 there exists
a B(uijqdij ; K0; 1). By Lemmas 5.3 and 3.9, it is easy to check that
uijqdij6k41q
(
k4
1
2

<q2k
10
1
0 < e
2kk121 < e4(q0−1):
Then there exist positive integers xij such that
e4(q0−1)<uijqdij q
xij
0 6q0e
4(q0−1):
Let u^ ij=uijqdij q
xij
0 for i2 [0; k1(k1−1)=k] and j2 [0; k21 ]. Clearly, u^ ij  k1+ki+k1(k1−
1)j (mod q0 − 1) and e4(q0−1)<u^ij6q0e4(q0−1). By Lemma 5.3 q0 2B(k1)B(K0).
Since there exists a TD(l; q0) for l2K0, apply Corollary 2.7 repeatedly to get a
B(u^ ij ; K0; 1).
Lemma 5.5. u^ ij >D(q0) for any i2 [0; k1(k1 − 1)=k] and j2 [0; k21 ].
Proof. By Lemmas 5.4 and 2.11, D(q0)< e4(q0−1)<u^ij.
Lemma 5.6. Let k be even and k>4. Then there exist B(u i; K0; 1) such that
q0
(
k1
2

<ui62k1q
k1(2k1−1)
0
and u i  ki + 1 (mod k1 − 1) for any i2 [0; (k1 − 1)=k].
Proof. Let ui = k1 + ki and di =
( ui
2

for i2 [0; (k1 − 1)=k]. Then k16ui62k1. By
Lemmas 5.1 and 5.3, there exists a B(qdi0 ; K0; 1). Obviously,
q0> ek
2
1+2k1 ln k1> 28k1> 24ui−k0−4:
Let u i = uiq
di
0 for i2 [0; (k1 − 1)=k]. By Lemma 4.4, there exists a B(ui; K0; q0). Since
q0>ui + 2, by Lemma 5.2 there exists a B(uiq
di
0 ; K0; 1), i.e., a B(u i; K0; 1) exists.
Clearly u i  k1 + ki (mod q0 − 1), hence u i  ki + 1 (mod k1 − 1) and q0
(
k1
2

<ui6
2k1q
k1(2k1−1)
0 .
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Lemma 5.7. u i >D(k1) for any i2 [0; (k1 − 1)=k].
Proof. By Lemmas 5.6 and 2.11, D(k1)< e4(k1−1)<q0
(
k1
2

<ui.
6. The existence of B(C; K0; 1)
Let c0(l; 1) denote the smallest integer such that for any v  1 (mod l(l − 1)) and
v>c0(l; 1) there exists a B(v; l; 1). We quote a result in [4] as follows.
Lemma 6.1 (Chang [4]). c0(l; 1)6ll
l5
.
Let C =maxfc0(k1; 1); k1q024k1q0g where q0 is taken from Lemma 5.3 and k1 is the
largest integer in K0.
Lemma 6.2. q0>D(k1) and C>D(k1q0 + 1).
Proof. By Lemmas 5.3 and 2.11, q0> ek
2
1+2k1 ln k1> e4(k1−1)>D(k1). By Lemma 2.11,
C>k1q024k1q0>D(k1q0 + 1).
Lemma 6.3. Let m = qh0 where h is the integer such that 2C<m62q0C. Then
(u^ ij − 1)mq0 + t(q0 − 1) + 12B(K0) for i2 [0; k1(k1 − 1)=k], j2 [0; k21 ] and C<t6m.
Proof. By Lemmas 5.3 and 6.1, m  1 (mod k1(k1 − 1)) and so m2B(k1)B(K0).
Obviously m>C =maxfc0(k1; 1); k1q024k1q0g>q0e4(q0−1)>u^ ij by Lemma 5.4. Hence
there exists a TD(u^ ij + 1; m) as m is a prime power. There are a TD(q0; u^ ij) and a
TD(q0; u^ ij − 1) by Lemma 5.5. Applying Lemma 2.4 with l= q0 and n= u^ ij, we get
a fq0; u^ ijg-GDD with group type (mq0 − m)u^ ij−1(mu^ ij − m)1(tq0 − t)1. Hence,
(u^ ij − 1)mq0 + t(q0 − 1) + 12B(fq0; u^ ij ; m(q0 − 1) + 1; m(u^ ij − 1) + 1;
t(q0 − 1) + 1g):
By Lemmas 5.3 and 5.4, q0, u^ ij 2B(K0). By Lemma 6.1, m(q0 − 1) + 1, t(q0 − 1) +
12B(k1)B(K0). Also, by Lemma 6.2, u^ ij − 1>q0>D(k1)>D(l) for every
l2K0. By Corollary 2.6, m(u^ ij − 1) + 12B(K0). Thus, (u^ ij − 1)mq0 + t(q0 − 1) +
12B(K0).
For i2 [0; k1(k1 − 1)=k] and j2 [0; k21 ], let
Cij = C + (u^ ij − 1)q
h+1
0 − 1
q0 − 1 + 1;
where h is taken from Lemma 6.3. By the denition of Cij Lemma 6.3 can be restated
as follows.
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Lemma 6.4. (Cij + t)(q0 − 1) + u^ ij 2B(K0) for i2 [0; k1(k1 − 1)=k], j2 [0; k21 ] and
t 2 [0; C].
Theorem 6.5. Let k be even and k>4. If v  1 (mod k1−1) and v>k41q40 exp f4(q0−
1)gC; then v2B(K0).
Proof. For any such v, there is an i0 2 [0; k1] such that v  k1 + k[(k1 − 1)=k]i0
(mod k1(k1−1)). Let i=[(k1−1)=k]i0. Since k1(k1−1) divides q0−1, we can nd integers
j2 [0; k21 ] and b2 [0; q0 − 1] satisfying
v  k1 + ki + (k21b+ j + 1)k1(k1 − 1) (mod q0 − 1): (10)
By Lemma 5.4, u^ ij  k1 + ki + k1(k1− 1)j (mod q0 − 1). Since k1q0 − 1 
k1 − 1 (mod q0 − 1), (10) can be written as
v  u^ ij + (k21b+ 1)k1(k1q0 − 1) (mod q0 − 1):
Direct computation gives
v> k41q
4
0e
4(q0−1)C>k21q0(k1q0 − 1)q0e4(q0−1)
2q20C
q0 − 1
>k21q0(k1q0 − 1)

C + (u^ ij − 1)q
h+1
0 − 1
q0 − 1 + 1

= k1(k1q0 − 1)k1q0Cij
> k1(k1q0 − 1)[k1(q0 − 1)Cij + k21 (q0 − 1) + 1] + q0Cij
> k1(k1q0 − 1)[k1(q0 − 1)Cij + k21b+ 1] + u^ ij + (q0 − 1)Cij:
Then
v− u^ ij − (k21b+ 1)k1(k1q0 − 1)
q0 − 1 − Cij − k
2
1 (k1q0 − 1)Cij
is a positive integer and hence can be written as a + k21 (k1q0 − 1)d, where d>0 and
0<a6k21 (k1q0 − 1)<C. Take m0 = d + Cij and t = (q0 − 1)(a + Cij)=(k1 − 1) +
(u^ ij − 1)=(k1 − 1) (note that i = [(k1 − 1)=k]i0 at the beginning of the proof. Then
(u^ ij − 1)=(k1 − 1) and hence t is an integer!). It is easy to check that
v= k1(k1q0 − 1)(k1(q0 − 1)m0 + k21b+ 1) + (k1 − 1)t + 1: (11)
By Lemma 6.2, there is a TD(k1; k1q0 − 1), a TD(k1; k1q0) and a TD(k1q0 + 1; Cij).
Apply Lemma 2.4 with l=k1, n=k1q0 and m=k1(q0−1)m0+k21b+1 (by the denition
of t and m0, the inequality t6m follows immediately) to get a fk1; k1q0g-GDD with
group type (m(k1 − 1))k1q0−1(m(k1q0 − 1))1((k1 − 1)t)1. Hence,
k1(k1q0 − 1)m+ (k1 − 1)t + 12B ( fk1; k1q0; m(k1 − 1) + 1;
m(k1q0 − 1) + 1; t(k1 − 1) + 1g):
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By Corollary 2.9, Lemmas 5.3 and 6.2, k1q0 2B(k1)B(K0). Note that
m(k1 − 1) + 1 = k1[(k1 − 1)(q0 − 1)m0 + k1(k1 − 1)b+ 1];
m(k1q0 − 1) + 1 = k1[(q0 − 1)(k1q0 − 1)m0 + k1(k1q0 − 1)b+ q0]:
By Lemma 6.1, (k1 − 1)(q0 − 1)m0 + k1(k1 − 1)b + 1 and (q0 − 1)(k1q0 − 1)m0 +
k1(k1q0 − 1)b + q0 2B(k1). By Corollary 2.9 and Lemma 6.2, m(k1 − 1) + 1 and
m(k1q0−1)+12B(k1)B(K0). Since (k1−1)t+1=(q0−1)(a+Cij)+ u^ ij, by Lemma
6.4 (k1− 1)t+12B(K0). Then k1(k1q0− 1)m+ (k1− 1)t+12B(K0). Therefore, from
(11) v2B(K0). The proof is completed.
Theorem 6.6. Let C=[maxfk4q40e4(q0−1)C; e8k1q
k1(2k1−1)
0 g] where [] means the integer
part of . Then C>D(u i + 1) for i2 [0; (k1 − 1)=k].
Proof. By Lemmas 2.11 and 5.6, C>e8k1q
k1(2k1−1)
0 > e4u i >D(u i + 1).
Theorem 6.7. Let k be even and k>4. If v  1 (mod k) and v> (k1−1)k21u iC; then
a B(v; K0; 1) exists.
Proof. For such v there is, by Lemma 5.6, an i2 [0; (k1 − 1)=k] such that v  k1 +
ki  k1(u i − 1) + 1 (mod k1 − 1). Since v> (k1 − 1)k21u iC> (k1 − 1)k21 (u i − 1)C +
(k1 − 1)C + k1(u i − 1) + 1; we have
v− k1(u i − 1)− 1
k1 − 1 − k
2
1 (u i − 1)C − C
is a positive integer and hence can be written as a + k21 (u i − 1)d, where d>0 and
0<a6k21 (u i − 1). Let m= k1(k1− 1)(C+ d) + 1 and t=C+ a. It is easy to check
that
v= k1(u i − 1)m+ (k1 − 1)t + 1: (12)
By Lemma 5.7, there are a TD(k1; u i) and a TD(k1; u i − 1). By Lemma 6:6 there is a
TD(u i + 1; m). Apply Lemma 2.4 with l= k1 and n= u i to get a fk1; u ig-GDD with
group type (m(k1 − 1))u i−1(m(u i − 1))1((k1 − 1)t)1. Hence,
k1(u i − 1)m+ (k1 − 1)t + 12B ( fk1; u i; m(k1 − 1) + 1;
m(u i − 1) + 1; t(k1 − 1) + 1g):
By Lemma 5.6, u i 2B(K0). Note that m(k1−1)+1  1 (mod k1−1) and (k1−1)t+1 
1 (mod k1 − 1). By Theorem 6.5, m(k1 − 1) + 1 and (k1 − 1)t + 12B(K0). By Lemma
6.1, m2B(k1)B(K0). By Lemma 5.7 u i − 1>D(k1)>D(l) for every l2K0. Apply
Corollary 2.6 to get m(u i − 1) + 12B(K0). Then k1(u i − 1)m+ (k1 − 1)t + 12B(K0).
Hence, from (12) v2B(K0).
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7. Conclusions
In this section we are in position to present the main theorem.
Main Theorem. Let k>4 be even. If v  k (mod k(k − 1)) and v>maxfc20(k1; 1);
expfexpfk2k41ggg; then an RB(v; k; 1) exists; where k1 is the largest integer in K0 and
K0 is dened in (3).
Proof. For any such v, let r = (v− 1)=(k − 1). Then r  1 (mod k) and
r>
1
k − 1maxfc
2
0(k1; 1); expfexpfk2k41ggg
>
1
k − 1maxfc
2
0(k1; 1); expf16k1qk1(2k1−1)0 gg
=
1
k − 1[maxfc0(k1; 1); expf8k1q
k1(2k1−1)
0 gg]2
>
1
k − 1expf8k1q
k1(2k1−1)
0 gmaxfc0(k1; 1); expf8k1qk1(2k1−1)0 gg
=
1
k − 1expf8k1q
k1(2k1−1)
0 gmaxfC; expf8k1qk1(2k1−1)0 gg:
Note that 1=(k − 1) expf8k1qk1(2k1−1)0 g> (k1 − 1)k212k1qk1(2k1−1)0 k41q40e4(q0−1). It is not
dicult to check that
r > (k1 − 1)k212k1qk1(2k1−1)0 maxfk41q40e4(q0−1)C; expf8k1qk1(2k1−1)0 gg
= (k1 − 1)k21 (2k1)qk1(2k1−1)0 C> (k1 − 1)k21u iC:
By Theorem 6.7, r 2B(K0). By (3) and Lemma 3.9, l2Rk for any l2K0. By Lemma
3.1, r 2Rk . Hence there exists an RB((k − 1)r+1; k; 1), i.e., an RB(v; k; 1) exists.
Corollary 7.1. Let k be even and k>4. If v  k (mod k(k−1)) and v> expfexpfk61gg;
then an RB(v; k; 1) exists; where k1 is the largest integer in K0 and K0 is dened
in (3).
Proof. By Lemma 6.1, one has
c20(k1; 1)<k
2k
k5
1
1
1 = expf2kk
5
1
1 ln k1g< expfkk
5
1+1
1 g
= expfexpf(k51 + 1) ln k1gg< expfexpfk61gg:
Hence v> expfexpfk61gg>maxfc20(k1; 1); expfexpfk2k41ggg. By the Main Theorem
there exists an RB(v; k; 1).
Corollary 7.2. Let k>4 be even. If v  k (mod k(k − 1)) and v> expfexpfk18k2gg;
then an RB(v; k; 1) exists.
Proof. It immediately follows by Lemma 3.9 and Corollary 7.1.
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